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Abstract 



We consider a family of contour dynamics equations depending on a parameter a 
with < a < 1 . The vortex patch problem of the 2-D Euler equation is obtained taking 
a — ► 0, and the case a = 1 corresponds to a sharp front of the QG equation. We prove 
local-in-time existence for the family of equations in Sobolev spaces. 

1 Introduction 

The 2-D QG equation provides particular solutions of the evolution of the temperature from a 
general quasi- geostrophic system for atmospheric and oceanic flows. This equation is derived 
considering small Rossby and Ekman numbers and constant potential vorticity (see [12] for 
more details). It reads 

6 t (x,t) +u(x,t) ■ V6(x,t) = 0, xeR 2 , 

e(x,o) = e ( x ). (1) 

Here is the temperature of the fluid, the incompressible velocity u is expressed by means 
of the stream function as follows 

u = V- 1 ^ = (-d X2 4>,d Xl 4>), 
and the relation between the stream function and the temperature is given by 

9 = -(-A) 1 / 2 ^. 

This system have been considered in frontogenesis, where the dynamics of hot and cold fluids 
is studied together with the formation and the evolution of fronts (see [3] , [5] , [8] , [11] ) . 

From a mathematical point of view, this equation have been presented as a two dimen- 
sional model of the 3-D Euler equation due to their strong analogies (see [1]), being the 
formation of singularities for a regular initial data an open problem (see [1], [6], [7])- Never- 
theless the QG equation has global in time weak solutions due to an extra cancellation (see 
[13]). A few sparse results are known about weak solutions of the 2-D and 3-D Euler equation 
in its primitive-variable form. 
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An outstanding kind of weak solutions for the QG equation are those in which the tem- 
perature takes two different values in complementary domains, modelling the evolution of a 
sharp front as follows 

«W) = {£ jg'lnw. P) 

In this work we study a problem similar to the 2-D vortex patch problem, where the 
vorticity of the 2-D Euler equation is given by a characteristic function of a domain, and it is 
considered the regularity of the free boundary of such domain. For this equation the vorticity 
satisfies 

w t (x,t) + u(x,t) ■ Vw(x,t) = 0, i£R 2 , 
w(x,0) = w (x), 

in a weak sense, and the velocity is given by the Biot-Savart law or analogously 

u = V^V; an d w = At/j. 

Chemin [3] proved global-in-time regularity for the free boundary using paradifferential cal- 
culus. A simpler proof can be found in p] due to Bertozzi and Constantin. 

We point out that in the QG equation, the velocity is determined from the temperature 
by singular integral operators (see |15j ) as follows 

u={-R 2 e i R x 9), (4) 

where R\ and R2 are the Riesz transforms, making the system more singular than ([3]). 

Rodrigo [14] proposed the problem of the evolution of a sharp front for the QG equation. 
He derived the velocity on the free boundary in the normal direction, and proved local- 
existence and uniqueness for a periodic C°° front, i.e. 



0(xi,x 2 ,t) 



h, {f(xi,t)>x 2 } 
h, {f(xi,t)<x 2 }, 



with f(x\,t) periodic, using the Nash-Moser iteration. 

In this paper we study a family of contour dynamics equation given by weak solutions of 
the following system 

e t + u-V9 = 0, x€R 2 , 

(5) 

u = v ± v, e = -{-A) 1 - a ' 2 ^, 0<a<l, 

where the active scalar 9(x,t) satisfies ([2]). We notice that the case a = is the 2-D vortex 
patch problem, and a = 1 correspond to the sharp front for the QG equation. 

This system was introduced by Cordoba, Fontelos, Mancho and Rodrigo in [9], where they 
present a proof of local-existence for a periodic C°° front, and show evidence of singularities 
in finite time. The singular scenario is due to two patches collapse point-wise. 
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Here we give a proof of local-existence of the system ([5]) where the solution satisfies ([2]), 
with the boundary dd(t) given by the curve 



dU{t) = {xfr,t) = (xi( 7 ,t),x 2 ( 7 ,t)) : 7 £ [-7r,7r]}, 

and x( 7 ,i) belongs to a Sobolev space. In the cases < a < 1 we show uniqueness. 

It is well-known (see [10] and [2]) that in this kind of contour dynamics equations, the 
velocity in the tangential direction only moves the particles on the boundary. Therefore we 
do not alter the shape of the contour if we change the tangential component of the velocity; 
i.e., we are making a change on the parametrization. In the most singular case, a = 1 or 
the QG equation, we need to change the velocity in the tangential direction in order to get 
existence in the Sobolev spaces. We take a tangential velocity in such a way that |9 7 x(7, t)\ 
satisfies 

|a 7 x( 7 ,t)| 2 = A(t), 

and does not depend on 7. We would like to cite the work of Hou, Lowengrub and Shelley 
[lOj in which this idea was used to study a contour dynamics problem. 

We notice that in order to get a non-singular normal velocity of the curve for < a < 1 
(see [9] and |14j). we need a one to one curve, and parameterized in such a way that 

|d 7 x( 7 ,t)| 2 >0. 

Rigorously, we need that 

\x(-y,t) - x{j - i],t) 



\V\ 



>0, V 7 ,7 ? e[-7r,7r], (6) 



therefore we give an initial data satisfying this property, and we prove that this condition is 
satisfied locally in time. We point out the importance to take into account the evolution of 
this quantity due to the numerical simulations in [9]. 

Finally, I wish to thank Antonio Cordoba and my thesis advisor Diego Cordoba for their 
strong influence in this work, their advices and suggestions. The author was partially sup- 
ported by the grants PAC-05-005-2 of the JCLM (Spain) and MTM2005-05980 of the MEC 
(Spain). 



2 The Contour Equation 

In this section we deduce the family of contour equations in term of the free boundary x(j, t). 
We consider the equations given by the system (TTJ), with a velocity satisfying 

u(x,t) = V ± iP(x,t), (7) 

for the stream function it follows 

9 = -(-A) 1 -"/ 2 ^, (8) 

and the active scalar fulfills 
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The boundary of O(t) is given by the curve 

8n(t) = {ar( 7 ,t) = (x 1 ( 7 ,t),x 2 ( 7 ,t)) : 7 € [-vr,vr] = T}, 
with x(7,t) one to one. Due to the identity ([9|), we find that 

V ± 9 = (0i - 6 2 ) 3 7 x( 7 , t) 5(x - x(j, t)), 
where 6 is the Dirac distribution. Using (JJJ) and (|8|), we got that 

u = -(-A) a / 2 - 1 V- L 0. 

Due to the integral operators — (— A) Q//2_1 are Riesz potentials (see [IS]), using the last to 
identities we obtain that 

e a f <9 7 x(7-7/,i) 



u( x , = - f 2 / 1 7 V ;, a ^, (10) 

2vr J T |x - a; (7 - r/,t)| Q 

for x ^ 3(7, i), and 9 Q = {6 l - 6 2 )T(a/2)/2 1 - a T(2 - a/2). We notice that for a = 1, if 
x — ► x( 7 ,t) the integral in (|10p is divergent. As we have showed before, we are interested in 
the normal velocity of the systems. Then we have that using the identity (|10p . and taking 
the limit as follows 

u(x,t) ■ <9^x(7,i) 5 x->x(7,i), (11) 

we obtain 

©a /" 9 7 x(7 — 77, i) - ^x(7, i) 



u(x( 7 ,t),t) ■ d^x( 7 ,t) = / r v (12) 

7 2vr J T |x(7,t) -x{j-r],t)\ a 

This identity is well defined for < a < 1 and a one to one curve x(j,t). Due to the fact that 
tangential velocity does not change the shape of the boundary, we fix the contour a-patch 
equations as follows 

XU7 ' tj 2vr i T |x(7,i)-x(7-r/,t)|° * < ° " (13) 
x(7,0) = x (7)- 

Seeing the equation (|10p . we show that the velocity in QG presents a logarithmic divergence 
in the tangential direction on the boundary. Nevertheless it belongs to L P (IR 2 ) for 1 < p < 00, 
and to the bounded mean oscillation space (see [IS] for the definition of the BMO space). In 
QG the velocity is given by (j4j), and writing the temperature in the following way 

6(x,t) = (6 1 -e 2 )X m (x) + 6 2 , 

we find that 

u{x,t) = (e 1 -e 2 )(-R 2 (x m ),R 1 (x m )). 

Using that Xqu\ € L P (M?) for 1 < p < 00, we conclude de argument. In particular the 
energy of the system is conserved due to IMIzMi) = \9\ — 9 2 \ |$7(i)| 1//2 , and the area of O(t) 
is constant in time. 
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3 Weak solutions for the a-system 

In this section we show that if 9(x,t) is defined by Q and the curve ^(7, t) is convected by 
the normal velocity (|12p. then 9(x,t) is a weak solution of the system ([5]) and conversely. We 
give the definition of weak solution below. 

Definition 3.1 The active scalar 9 is a weak solution of the a-system if for any function 
if G C C °°(1R 2 x (0,T)), we have 

i-T r 

9(x, t)(d t <p(x, t) + u(x, t) ■ V<p(x, t))dxdt = 0, (14) 



'0 JR 2 

where the incompressible velocity u is given by ([7]), and the stream function satisfies ([8]). 
Then 

Proposition 3.2 If 9(x,t) is defined by (J9]) ; and the curve x(7,t) satisfies ([6]) and (112ft . 

then 9(x,t) is a weak solution of the a-system. Furthermore, if 9(x,t) is a weak solution of 
the a-system given by ([9]), andx(^,t) satisfies ([6|) ; then x(7, t) verifies (fT2|) . 

Proof: Let 9(x,t) be a weak solution of the a-system defined by ©. Integrating by parts 
we have 

1= / 9(x,t)dt(p(x,t)dxdt = 9\ / / dt^p(x,t)dxdt + #2 / / dt^p{x,t)dxdt 

JO Jr 2 Jo Jn(t) Jo isi(()xR 2 

= -(9i-9 2 ) [ [ <p(x(j,t),t)x t (j,t) ■ d^x(~,,t)djdt. 

JO JT 

On the other hand, we obtain 

'■T r rT r i-T 



J= / / 9 u ■ Vip dxdt = 9i / / u-Vipdxdt + 92 / / u-Vtpdxdt. 
Jo Jr 2 Jo Jn Jo Jr 2 ^q 

Taking 



'0 JR 2 JO Jfl JO JR 2 \0 

ni(t) = {x G n : dist(x,tt(t)) > e}, 



and 

= {x G E 2 n £1 : cfe^M 2 \ O(i)) > e}, 
we have that J £ — > J if e — > 0, where J e is given by 

J £ = 9 1 f f u-Vip dxdt + 9 2 [ f u-Vcp dxdt. 
Jo Jni(t) Jo Jn E 2 (t) 

Integrating by part in J £ , using that the velocity is divergence free, and taking the limit as 
in (jlip . we obtain 

J =(01- 6 2 ) [ [ <p(x(j, t),t)u(x( 7 , i), i) • d^x(j, t)djdt 
Jo Jt 

&a f T f ±s ±s ( f 9 7 x(j - rj,t) ■ x(7, t) 



-(01-02)-^ / / ^(7,*),*) / ( 7 \ ' > <M*- 

2vr Jo J T \Jj |x(7,t) - x(7 - rj,t)\ a 
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We have that / + J = using (fT4"|) , and it follows 

'0 * -~ •/• 



for f(j,t) periodic in 7. We find that (112j) is satisfied. Following the same arguments it is 
easy to check that if x(j,t) satisfies (|12p . then 9 is a weak solution given by Q. 

4 Local well-posedness for < a < 1 

In this section we prove existence and uniqueness for the contour equation in the cases 
< a < 1. We denote the Sobolev spaces by H k (T), with norms 

IMIjy* = ll^llia + ||f^z||^2, 

and the spaces C k (T) with 

\\x\\ C k = max ||9^x||loo. 



j<k " 7 



We need that the curve satisfies 

\x(j,t) - x(7 - r),t)\ 



\V\ 

then we define 



> 0, V7, 77 G [— 7r,7r], (15) 



F(x)( 7 ,,, t ) = K7|t) _^ (7 _ t) t)| V 7l , (16) 

with 

F(a;)(7,0,t)= ) . 
The main theorem in this section is the following 

Theorem 4.1 Zei 2:0(7) £ -ff fc (T) /or A; > 3 urai/i -F(xo)(7, ? ?) < 00 • T/ien i/tere exists a time 
T > so i/iat t/iere is a unique solution to (fT3j) /or < a < 1 m C 1 ([0, T]; if fc (T)) w»t/i 
x(7,0) = ^0(7). 

Proof: We can choose a = 2-7T without loss of generality, obtaining the following equation 

xth t)= [ M7-^) d < a < 1 

Xi(7 '* j A |x( 7l t)-x( 7 -»/,t)l a * U<a<i ' (17) 

x(7,0) = x (7)- 

We present the proof for A; = 3, being analogous for A; > 3, using energy estimates (see [2] 
for more details). We ignore the time dependence to simplify the notation in some terms. 
Considering the quantity 
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we obtain 



We decompose as follows 



<9 7 x( 7 ) - d^x(v) 
/T |x(7)-x(^)|« ^ 

d^) - d^xjrj) 

\x{i) -x(T])\ a 

(x(7) - x(t?)) • («9 7 x(7) - SyX^)) 



1 

1 

2(2 - q) y T y T 

0, 

d 



|x(7) — x(??)| a 
9 7 |x( 7 ) — x( 7 — r/)| 2_a o?7d?7 



(18) 



(19) 



where 



/ &( 7 ) • S&ct(7)d7 = /1 + / 2 + / 3 + A, 



M / , ^x( 7 ) ^(7) "^(7-.) 



|x(7) -x(7-?7)| f 



drjd'y, 



h = 3/ / S&e( 7 ) • (Sftrfr) - c&( 7 - r?))d 7 (|x(7) - x( 7 - vT a )dvdj, 
h = 3/ / ^x( 7 ) • (^x( 7 ) - ^x( 7 - r?))^(|x(7) - x( 7 - vT^vdl, 

JTJT 

9 7 x(7) • (<9 7 x(7) - «9 7 x(7 - r/))(? 7 (|x(7) - a; (7 - r])\~ a )dr]d-f. 



Operating as in (|T8j) . the term 1\ becomes 



h 



/ n «3 / \ \ ^x( 7 ) - a^x( 7 - ??) 

(d 7 x( 7 ) - «x( 7 - 77)) • ^ ^j^drjd-f 



Iff grlgfefo) -^(7-^)| 2 d 
4 A A |x( 7 )-x(7-r/)|« 7,7 

a /■ /• IgfeCr) - ^7^(7 - ^?)I 2 (^(t) - a(7 - vO) ■ O VK7) - d i x (i - n)) 

4 A A |x( 7 )-x(7-r/)|°+ 2 



drjd^. 
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One finds that 

a f f |afe( 7 ) - gx(7 - r/)| 2 |d 7 x(7) - d 7 x( 7 -/7)l ^ , 
4 7t A |x( 7 )-x( 7 -,)|^ ^ 



Ji = -3a / / a 7 x( 7 ) • (S 7 x( 7 ) - 9 7 x( 7 - ^)) | a(7) _ a ,^_ 7/) | Q+2 ^7, 



T JT 



J 3 = 3a(2 + a)/ T jf T ^x( 7 ) ■ (fi?*( 7 ) " ^x( 7 - ^)) R ^g^^ ^ 7 , 



with 
and 

The identity- 



yields 



./(,./■ / |x( 7 ) -x( 7 -7i)| a+1 

<3||F(x)||it?||*|| c2 /Y lr/1- /(|^x( 7 )| 2 +|a3x( 7 + (s-l)»7)| 2 )d7^ 
•/ii J J JT 

<C a \\F(x)\\lt a \\x\\ C 2\\d^x\\ 2 L2 . 



(20) 



and due to the inequality |<9 7 x( 7 ) — <9 7 x( 7 — rj)\\r]\ 1 < ||x||c*2, it follows 

h<j\\x\\c* [ [ |r ? r a |F(x)(7,7 ? )| 1+a |^x(7)-^x(7-7 ? )| 2 d7 ? d7 
<h\F(x)\\lt a \\x\\ c , / \ri\-* [ {\8%x{>y)\ 2 + \8%x{t - r,)\ 2 )*ydn 

z JT JT 

<ll^)lllt a ||x|| c2 ||^x||| 2 / \ V \- a dr, 

JT 

<C a ||F(x)||^||x|| c2 ||a3x|| 2 2 . 
As before, we can obtain I2 = —6/1, and it yields 

h <C Q ||F(x)||i+ Q ||x|| c2 ||^x||| 2 . (21) 

In order to estimate the term ^3, we consider I3 = J\ + J2 + J3, where 

-4(7,??) 
- x(7 — 



A(7, 77) = (x( 7 ) - x(7 - 7/)) • (<9 2 x(7) - <9 2 x(7 - 7/)), 
5(7, 7?) = (x(7) - x(7 - 77)) • (<9 7 x(7) - d i x (l - V))- 

d 2 x( 7 ) - 5 2 x( 7 - V) = V T ^x( 7 + (5 - l)T/)ds, (22) 

JO 
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Using ([22]) . we have for Ji 



Jo ./•••/ • v \vr 

<3||F(x)||it a ||x||^ ff |7?r / (^x^ + ^x^ + is-im^d^ds 
<C a \\F(x)\\l+^x\\ 2 c2 \\d*x\\ 2 L2 . 
The term J3 is estimated by 

J3<9/ / / [ ^7 1 — — — -— d-ydrfds 



IoJtJt \ x (l) -x( 7 -??)| q + 2 

<C a \\F(x)\\lt a \\x\\l4d 3 ,x\\ 2 L2 . 

We get finally 

h < C Q (||F(x)||i+ Q ||x|| c2 + ||F(x)|||+«||x||^)ll^x||l 2 . (23) 
We decompose the term I4 = J4 + J5 + Jq + Jj + J§ as follows 

J * = - a H ' (V(7) " ^7^(7 " ^) | x(7) _ C i(^ 7 ! ) ??) |a + 2 ^7, 

Js = " 3a X/ d * X ^ ^ ( ^ X(7) " ^ X(7 " ^ | X ( 7 ) -^(7 - 77) |"+ 2 dT?d7, 

i4(7,7y).B(7,7/) 



J 6 = 5a(a + 2)/ / ^(7) • (fl^fr) - 9 7 x( 7 - »/)) ■ _ 11+4 ^7, 



J 7 = 5o(« + 2) /J ^( 7 ) • (^( 7 ) - 3 7 x( 7 - .))»^=^^ 
j 8 = _ 2a(a + 2 )(a + 4)jf ^(7) • (<9 7 x( 7 ) - d 7 *( 7 - r?)) — +6 dr/d 7 , 



with 

C( 7 , 77) = (x( 7 ) - x( 7 - 77)) • (<9 7 x( 7 ) - a^x( 7 - 77)), 
£7(7,77) = (<9 7 x( 7 ) - <9 7 x( 7 - 77)) • (d 7 x( 7 ) - d 2 x(-f - 77)). 
The most singular term is J4, in such a way that 



^4<||F(s)|lit Q N| C 2 / |7?|- Q / |^x( 7 )||^x( 7 )-^x( 7 -77)|d 7 d77 

<C a \\F(x)\\l^x\\ c 4d^x\\i 2 . 



For J5, we have 

J 5 <3\\F(x)\\ 2 L t a \\x\\ 2 c2 / |77r / |^x(7)||^x( 7 )-^xe ..-'/)'/- .,/,/ 



<C Q ||F(x)||i+ Q ||x||^||^x|| i2 ||a3x|| L2 . 
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In a similar way, we obtain 

jt Jt 

|2+aiUI|2 iiq2 ii „ |m3 



J 6 <15||F(x)||^||x||^ / |r?r / |^x( 7 )||^x( 7 )-^x(7-7?)|d7^ 

JT JT 



< C a ||F(x)||£+ a ||x||^ 2 ||^x|| L2 ||^x|| L 2 
and 

l lt a \\x\\ 3 c2 I \ V \~ a I |* 3 
Jt Jt 

|3+Q||_,||3 II a „\\ || q3 



J 7 <15||F(x)||£+ Q ||x||^ / \ v \- a / |^x( 7 )||a ya ;(7)-a y x(7-»7)l^ 



< Call^l^+fllxll^ll^xll^ll^xll^. 

For the term J§, we get 

J 8 <30||F(x) \\l+ a \\xf c2 [ \ V \~ a [ |9 3 x( 7 )P 7 x( 7 )-9 7 x( 7 - v )\d-ydr, 

JT JT 
^CallF^Hl^llxll^ 11^11^11^X11^, 

and finally it follows 

h < C a (||F(x)||[+f ||x|| c2 + \\F(x)\\\t a \\x\\ 2 c2 + \\F{x)\$g 11x11^)11x11^. (24) 
The inequalities ([20]), (JH]), ([23]) and (J2U) yield 

|||^x||| 2 (t) < C Q ||F(x)|||+«(t)||x|| 3 c2 (t)||x||^ 3 (t). 
Due to the identity ||x 

Ills = \\xf L 2 + ||5 3 x||2 2 and (USD, we have 

|||x||^(t) < C a ||F(x)||f+f {t)\\x\^{t)\\x\\ m {t). 
Finally, using Sobolev inequalities, we obtain 

j t \\x\\ H m<Ca\\Fml^%mA^it)- (25) 

Notice that if we use energy methods at this point of the proof (see [2] to get the comprehensive 
argument), we need to regularize the equation (fT7|) as follows 

x t ( 7 ,t)-0 e *y T \*b,t)-*b- v ,t)\° *i> (26) 

x e ( 7 ,0) = x ( 7 ), 

where <p £ is a regular approximation to the identity. If the inequality (|15p is satisfied initially, 
due to the properties of the regular approximations to the identity, we get a Picard system 
as follows 

x?( 7 ,t)=G e (x e ( 7 ,t)), 
x e ( 7 ,0) = x ( 7 ), 
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where G e is Lipschitz. Therefore, for any e > 0, we obtain a time of existence t £ where (|15p 
is fulfilled. The way to have a time of existence of the system (|26[) independent of e is to find 
energy estimates with bounds independent of e. Next, by taking e — > 0, we get solutions of 
the original equation. In this particular case, we obtain 



|||x e ||^(t)<C a ||F(x e )|||+ a (t)||x £ 



llr>(*), 



and if we take e — > 0, it is possible that ||.F(x £ )||lo° — > oo. In fact, we have an energy estimate 
that depends on e and then the argument fails. We can not suppose that if the initial data 
fulfils (fl~5j) . there exist a time t > independent of e in which (fT5l) is satisfied, because just 
at this moment of the proof we do not have a well-posed system when e —* (the Lipschitz 
constant of G e goes to infinity when e — ► 0) . 

In order to solve this problem, we consider the evolution of the quantity H-^Xx) ■ Taking 
p > 2, it follows 



\F(x)\\ p LP (t) 



\v\ 



d 

dt J r Jy X \x(j,t) - x( 7 - rj,t)\ 

(a(7, t) - x(7 - rj, t)) ■ (x t (j, t) - x t ( 7 - rj, t)) 



-p / / \m 

It Jt 



< p 



\m 



|x(7, t) — x(j — rj, t) \ p+2 

\P+l\xt(l,t) - X t (j - T},t) 



djdr] 



T J j \x(j,t) - x(7 -ri,t)\ 



\m 



dydr). 



We have 

Mi) -xtd-v) 



d 7 x(7) -d^x^-tp 
|x( 7 ) - x( 7 - 0I Q 
^5 7 x(7) - a 7 x(7 - 3 7 x(7) - <9 7 x(7 - £) 



T - xfr - g)\ a \x(j -rj) -x(j -rj -£)| 

5 7 x(7) - 9 7 x(7 — 77) + 9 7 x(7 — 77 — ^) — <9 7 x(7 - £) 



+ 

/T 

h + h- 



3 7 x(7 — rj) — 9 7 x(7 — 77 — £) 
T 1^(7-^) -^(7-^-01° 



k(7 - r/) - x(7 - 77 - f)| 



In order to estimate the term I5, we consider the function /(a) = a a . For a, 6 > 0, we obtain 
that 

\a-li 



/ (sa + (1 - s)b) a ~ l {a - b)ds\ < a(min{a, b}) c 
Jo 



la — 61. 



(27) 



One finds 

h < 



|a 7 x(7)-a 7 x(7-g)|||x(7)-x(7-g)| a - |x(7-77)-x(7-7?-Q| c 
|x(7)-x(7-^)| Q |x(7-r/)-x(7-r/-^)[ a 



< i^iif-iMb* / lei 



ll-Q 



x(7) — x(7 — ^) a x{^ — r])—x{^ — r] — ^) 
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Using (|27|) . we get 



J 5 <a||F(x)||i+ls|| c2 I IC 1 - 



x(j)-x(j-£) x(~j-rj)-x(~j-ri-£) 



< a ||F(x)||i+ a ||x|| C 2 / |Cr Q (|x( 7 )-x( 7 -r ? )| + |x( 7 -6-^(7-^-e)IK 
Jt 



< 2a\\F(x) 



il+ai 



<C a \\F{x)\\\t a \\x\\ 2 c M- 
We obtain for Iq that 

j < f l<V(7) ~ <V(7 -r])\ + l<9 7 x( 7 - 7? - g) - d 7 x( 7 - 

6 ~ A 1^(7 - v) - x d - v - 0\ a 

<C a ||F(x)||2«„||x|| ca H. 

The last two estimates show that 
d 



and therefore 



||F(x)||^(t)<pC Q ||x||^(t)||F(x)||i+«(t) / (F(x)(7,r / ,t)r i d 7 d7 ? 



T 2 



\\F(x)\\ LP (t) < C a ||x||^(i)||F(x)||^(i)||F(x)|| LP (i). 



Integrating in time it follows 

\\F(x)\\ LP (t + h) < \\F(x)\\ LP (t)exp{C a J \\x\\ 2 c2 (s)\\F(x)\\ 2 L t a (s)ds), 

and taking p — > 00 we obtain 

||F(x) Hi- (* + /»)< ||F(x) || L oo (i)exp {C a J%\\ 2 c2 (s) \\F(x) f L t a (s)ds) . 

In order to estimate the derivative of the quantity ||F(x)||loo (t), we use the last inequality 
getting 

±\\F(x)\\ L ~(t) = lim(|| J F(x)|| L oc(i + / i ) - HF^IIloo^/T 1 

< ||F(x)|| L oo(t) lim(ex^(C Q / ||x||^( S )||F(x)|||+ a ( S )d S ) - l)/^ 1 

<C4x\\Ut)\\F(x)f L t a (t). 
Applying Sobolev inequalities we conclude that 



d 
dt 



||F(x)||^(0<^||x||^(t)||F(x)||l+"(t). 



(28) 
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This estimate does not give a global in time bound for ||.F(x)||£,°°(i) in terms of norms of 
z(7, t). Then, adding the estimate (f28j) to ([25]) . we have 



-(IMMO + \\F(x)\\ Lx (t)) < C a \\F(x)\\lt a (t)\\x\\Ut)> 



and finally 



dt 



d_ 

It 



\x\\ H3 (t) + \\F(x)\\ L ~(t)) < C a (\\x\\ H3 (t) + \\F(x)\\ L -(t)) 



7+a 



(29) 



Integrating, we get 

||x|| H s(t) + ||F(x)|| r «(t) < 



||z ||fl3 + ll^0)||j 



{l-tC a {\\x \\ H - i + \\F(xo)\\L^f +a ) 



6+a 



with C a depending on a. Then, using the regularized problem (|26p . the same estimate is 
obtained for x e instead of x. Therefore we get to find a time of existence independent of e, 
and taking e — > 0, the existence result follows. 

Let x and y be two solutions of the equation (fT7]) with a; (7, 0) = 2/(7, 0), and z = x — y. 
One has that 



T J J JT 



+ 



_ a 7 x(7) - a 7 a(7 - ?y) _ <9 7 x(7) - d 7 x(7 - 77) 

1^(7) - ^(7 - v)\ a \y{i) - 2/(7 - v)\ a 

2(7) • (<9 7 z( 7 ) - d 7 z( 7 - 77)) 



)drjd r ) 



tJt 12/(7) - 2/(7 - i)Y 

h + h- 



The term I7 is estimated using ([2"7]) by 



J7 < 



T JT 



k(7)ll^7 rg (7) ~ ^7 X (7 ~ v)\\\ x {l) ~ z(7 ~ 7 ?)T ~ b(7) ~ 2/(7 ~ ?7)| c 

|x(7) - x(7 - v)\ a \y{i) - 2/(7 - i)\ a 



-dr/d'j 



< \\F{z)\\fr\\F(y)\\l-\\*\\<P / \v\ 

JT JT 

<\\F(x)\\ L ~\\F(y)\\ L ~\\x\\ c J /toM^I 

JT JT 



x(i)-x(i-rj) a y{i)-y{i-rj) 



v 



v 



x(7)-x(7-r?) 2/(7) -2/(7-77) 



77 

<||F(x)||^||F(y)||^||x|| c2 / / H- Q |z(7)||z( 7 )-z(7- 77)1^7 
^Call^CxJIIioollF^llioollilloal^Hla. 
Integrating by parts in /§ yields 



V 



d-qdj 
drjd'y 
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dr/d'j 



Finally we obtain 



z\\ 2 L2 (t) < C(a,x,F(x),y,F(y))\\z\\ 2 L2 (t) 



and using Gronwall inequality we conclude that z = 0. 

5 Existence for a = 1; the QG sharp front 

In this section we prove existence for the QG sharp front in Sobolev spaces. We give the 
norm of the Holder space C fc '2(T) by 



In the case of a = 1, we have the following equation 

V ' 2vr Jj \ x ( 1 ,t)-x( 1 -r ] ,t)\ h (30) 
x(j,0) = x {j). 

We take 62 — 9i = 2tt without lost of generality. This equation loses two derivatives, therefore 
the technique applied in the last section does not work. Recalling that we are trying to solve 
the QG equation in a weak sense, we can modify the system (|30p in the tangential direction 
without changing the shape of the front, as far as the curve satisfies 



We showed in section 3 that the temperature 6(x,t) given by © is a weak solution of the 
QG equation. Then we propose to modify the equation ([301) as follows 



x 



x\\ C k + max 

7,r;GT 



1 0^(7) - <9^(7 - r])\ 





(31) 



a?(7,0) 



^0(7)- 
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The parameter A (7, t) is to get an extra cancellation in such a way that 

d 7 x(i,t) -d*x{i,t) =0. (32) 

Given an initial data satisfying (|15p . we can reparameterize it obtaining that |(9 7 x(7, 0)| 2 = 1, 
and therefore ([32]) is fulfilled at t = 0. We can not have |d 7 x(7, i)| 2 = 1 for all time, but 

|a 7 x( 7 ,i)| 2 = ^). (33) 

We have 



A'(t) = 2d y x{i,t) -<Vt(7,*) 

= 2^7, «) • a 7 ( / Y! 7 '!!"^^ 7 "^ ^ ) f A( ■ • ' » - 1 « ' »• 

Wt \x(l,t)-x{j-r],t)\ 



and therefore 



^ A(7 ' *) = 2A(i) " I^^ 7 ' ' M ] T |,( 7 ,t)-x(7-r ? ,t)| ^ ' ' (34) 



Because A(7, i) has to be periodic, we obtain 

A'(t) 1 a / /■ a 7 x( 7 ,t)-a 7 x( 7 -r?,t) 



« c ^ a f a -r x U^)-a r x[ t 'y-ri,t) \ 



2A(t) 2vr^(t)7 T 7 ww 7 V7 T | x ( 7 ,t) -x( 7 -r/,t)| 
Using ([33]) in and integrating in 7, one gets the following formula for A(7,i) 
7 + vr /" 9 7 x(7,t) / f 5 7 x(7, i) - 9 7 x(7 - 77, t) \ 



7 



d 7 x(r?,t) / f <9 7 x(r?, t) - 9 7 x(t/ - g, t) . 



(36) 



taking A(— 7r,t) = X(tt, t) = 0. If we consider solutions of the equation (|3ip with A(7, i) given 
by ([36l) . it is easy to check that 

^ |a 7 x( 7 , t) | 2 = a( 7 , *)a 7 |a 7 x( 7 , t) | 2 + l<V(7, t) | 2 , 



with 

FW vrA |9 7 x( 7 ,t)| 2 7 Vy T |x(7,t)-a;(7-7/,t)| 'J 

Solving this linear partial differential equation, if (|32p is satisfied initially, one finds that the 
unique solution is given by 



|<9 7 x( 7 ,t)| 2 = |d 7 x( 7 ,0)| 2 + - /7 a 7 x( 7 , S ) • dJ f d ] X{ ^ S \ 8 ] X{1 r ^- d V )d 1 ds. 

71 JO JT V JT \ x \li s ) ~ x \l ~ V: s )\ 7 



Therefore we obtain (|33p . 

The main theorem of this section is 
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Theorem 5.1 Let £0(7) £ H k (T) for k > 3 to£/i F(xo)("f,r]) < 00. T/ien i/iere exists a time 
T > so that there is a solution to ()31|) m C 1 ([0, T]; H k (T)) with x(7,0) = 2^0(7) an d A(7,t) 
given by ([36]) . 

Proof: Being analogous for k > 3, we give the proof for A; = 3. We have showed before 
that (|33p is satisfied if x(7,i) is a solution of (|3ip . Then we can rewrite A(7, t) as follows 



2vrA(t)7 T 7 ww 7 Vy T |x( 7 ,t) -x( 7 -ry,i)| 



1 P * ( + \ » ( f d i x (v, t) - d 7 x(r] - £, t) \ ^ 



We obtain 



fx( 1 )-x t ( 1 )d 1 = I I x(rf)- dl ^\ y 7 ,f dr } d 1 + i A< -MY)- II, •(-),/, 

= h + h, 
One finds that Ji = 0, since 



/t |x( 7 )-x(r/)| ^ 7 

f f (x(l)-x(v)) ■ (dyx(j)-d^x(ri)) 
tJt 1^(7) -x{rj) I 



. Y(7)-^(r?) ^ 7 



dndj 



x{l) ~ x{r])\ 

dy\ x (l) ~ x (7 ~~ r])\djdr] 



T JT 



For the term I2, one obtains that I2 < ||A||x,oo[|x||i2||Svx[|ia, and 



L°° 



< 



< 



A(t) 
2 

2 

+ 



l^7 x (7)l 



5, 



9 7 x(7) — 9 7 x(7 — 77) 
|x(7) - x(7 - 77)1 



dr] dj 



\djx(-f)\ 

\dyX(i) 



\9jx{j) -a?x( 7 -77)| 



Due to < HF^)!!!^^), we have 



~ x{j - V)\ 
IgygQy) -g 7 x(7-rj)| 2 
|x(7) — a; (7 - 



dndj 

2 1^7 = J 1 + J 2 . 



J 1 <2||F(x)||| 00 /V / I* 

JO JT JT 



x(7 + (s - l)7/)||a 7 x(7)|d7d77ds < 2||F(x)|||oo ||x| 



#3, 



and 



J 2 <2||F(x)|| 4 L oo||x|| cl ft [ |ft 

JT JT 



x(7 + (s - l)n)\ 2 d^dnds < 2\\F(x)\\l<*> 
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Therefore we obtain that 

<ll 

We decompose as follows 



^||i|li>(t)<C||ni=)lli-(*)ll*ll!|.(*)- (38) 



+ / ^( 7 ).^(A(7)a y x(7))d 7 



= / 3 + 

We take I 3 = J3 + J4 + J5 + ^6 where 

/■ f gx(7) - gx(7 - r?) 
J 3 = / / <9 7 x( 7 • ? y-dr^d-y, 

J 4 = 3 / / ^x( 7 ) • (£^(7) - 5^(7 - 7?))5 7 (|x( 7 ) - x( 7 - vT^dvdj, 
Jtjt 

^5 = 3/ / 9 7 a;(7) • (5^x(7) - d 2 x{^ - r]))d 2 (\x(-/) - x(j - rj)\~ 1 )d-qd'y, 

JTJT 

J 6 = / / &x(i) ■ (d y x(rf) - <9 7 x(7 - rj))d?.(\x(~f) - x( 7 - t?)]" 1 )^^. 
■/hvt 

The term J3 can be written as 



1 f [,„ 3 f . „ 3 , u #Jx( 7 ) - 0*x( 7 - 77) 



J 3 = - / / (9^(7) - ^x( 7 - 77)) • j " drjdj 

1 /■ f 9 7 |^x( 7 ) -9^(7-77) | 2 

-drjd'y 



1 ./ ./ 1^(7) -^(7-77)| 

1 /• /• |^cc(7) - 9^x(7 - r?)| 2 (x( 7 ) - x(7 - 77)) • (<9 7 x(7) - d 7 x( 7 - 77)) 



1 ./ ./ \x(l) ~ x(l ~ V)\ 3 

If we define 

5(7,77) = (x(i) - s( 7 - 77)) • (Syx(7) - «9 7 x(7 - 77)), 
due to (I32p . we obtain that 



drjd'y. 



J 3 = 7 / / |F(x)(7,77)| 3 |^(7)-a^(7-77)| 2 ^^ 7 UJ 7 U V 7 - 



4 
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Using that 



we find 



< 2||x 



1^,4 Ixl 



-1/2 



J3<||^)||!oo||x|P 2 , / N" 1/2 /(|fl?x( 7 )| 2 + |^x( 7 -t7)| 2 )d7^ 



^CII^xJIlioollxll^jtll^xH^ 



XT' 2 
|3 ||™l|4 



<C||F(x)||ioc llsll^. 
We obtain that J4 = — 6J3, and it yields 



J4<C||F(x)|||oo||x||^ 3 . 
In order to estimate the term J5 , we consider J5 = K\ + if 2 + K3 , where 

C(7,»7) 



#x( 7 ) -(^x( 7 )-^x(7 -7/))- 



x(7) -x(7-r/)| 3 



drjdj, 



k, =-»f f . («g, (7 ) - <&< 7 - ,)) |a rS 7 !- a r (7 "", )|2 ^7, 



'T JT 



^3 = 9/ / a?rr( 7 ) • (d 2 x( 7 ) - S?x( 7 - r?))- 



|x( 7 ) -x( 7 -r/)| 3 

(s^r?)) 2 



x(7) -x(7-r7)| 5 



drjdj, 



with 

The inequality 
yields 



C( 7 , r?) = (x(7) - x(7 - 7/)) • (<9 2 x(7) - d*x(-f - 7/)). 



ITx < 3|| J P(o;)||ioo||x|| ca . i / X N" 1/2 ' l ^~ AUa3 



|^x( 7 )||^x(7 + (s - lMdjdrjds 



<C||F(x)|||oc||x||| 3 . 



As before, we have for K2 that 

K 2 < CIlF^llloollxll^H^xlll, < C||F(x)||loo||x||^ 3 . 
The term K3 is estimated by 



We get finally 



K 3 < C||F(x)|||oo||x||^ 2 ||^x||| 2 < C||F(x)|||oo||x||^ 3 . 



J5<C||F(x)|||oo||x||^3. 
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We decompose the term J§ = K4 + K$ + K§ + K-j + Kg as follows 

K * = -f T l d " x ^ ■ ( V(7) " 9 7 x( 7 - ^)) |x(7) D( J ( ^ ) _ r/)|3 ^7, 

K " = " 3 /t /t d ~ fX{l) ' (97X(7) ~ ^ " ^ ) \x( 1 ) E -l{^-r ] )\^ d ^ 

K% = 15 It It d " X{7) ' (97X(7) " ^ " V)) \^T^W d7ld ^ 

is ,J / fl 3 / W fl n a c nx^(7,??)I'9 7 x(7) - a 7 x(7 - ??)| 2 
^ 7 = 15 y T j T M^) • (<V(7) - 3 7 x( 7 - V)) i^.^.^is 

k 8 = -30 f [ ^x( 7 ) • (a 7 x( 7 ) - a 7 x( 7 - ( - s(7 ' ?7))3 - dndj, 

JjJj 1 |x(7J - x(7 - V)V 



with 



We obtain 



D( 7> 77) = (x( 7 ) - x(7 - 77)) • (5^x(7) - d^x(j - ??)), 
£(7,77) = (<9 7 x(7) - a 7 x(7 - 77)) • (d^x^) - 8?x(7 - 77)). 



#5 < 3||F(x)||loc||x||^||^x||| 2 < 3||F(x)||ico||x||^3, 
K 6 < 1511^)111^11x11^119^111, < lSll^Hloollxll^, 
K 7 < 15||F(x)||ioo||x||^||^|| L2 ||^x|| L2 < 15||F(x)||ioc||x||^ 3 , 



and 



K 8 < 30||F(x)||ioo||x||^||^x|| L2 ||a^|| L2 < 3011^)111^11x11^. 
For the most singular term, we have 



I I 7 • (9 7 x(7) - a 7 x 7 - 77 f — . 

hJj 1 |x(7) -xi'j-r])^ 



n jt 

= L X + L 2 
One finds that 



„ r\ 5 7 x(7) • (c&(7) — 9^x(7 — 77)) 

a 7 x( 7 ) • (a 7 x( 7 ) - a 7 x( 7 - r,)) [x(7) _ x(7 _ 7 )[3 d ^7 



L^HF^Illocllxll^ / / |^x(7)||^x( 7 ) -fyirt-^d-ydn < C||F(x)|| 3 Loo ||x|| 4 H3 . 

JT JT 

The term L2 is decomposed, and it yields 
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, , 3 3 xh) ■ (d xh) -dxh- T? )) T?( ^ X(7) -^(7-^)) -^(7-^) 

/t7t 7 f(t) -xki-mr 



o3 / x /o / x o / \ \ ^(7) -^(7) -dyx{i-ri) -efycin-ri) 
5 7 x( 7 )-(a 7 x( 7 )-a 7 x( 7 -r ? ))r ? _________ ^7 



/TJT 

Mi + M 2 



We estimate the term Mi as follows 



Mi<||F(x)||i«_||x||^ / / |^x(7)||^x(7-T/)|d7^<ll^)lli»lk||l f3 . 

Jt Jt 

Taking the derivative in ([32]) . we find that <9 7 x( 7 ) • 5 7 x( 7 ) = — |<9 2 x( 7 )| 2 , and we rewrite 



|^x(7)| 2 -|^x(7-r ? )| 2 



M< 2 = I I <9 7 x( 7 ) • (<9 7 x( 7 ) - <9 7 x( 7 - 77)) r\ 1 ^J/_\ ^1 'Ims'"' ^^7- 

The inequality 



||<9 2 x( 7 )| 2 - |d 2 x( 7 - r?)! 2 ! < 2||x|| c2 |r/| / |^_( 7 + (a - 1)t/)|_s, (43) 

Jo 



yields 



M 2 <2||F(x)||i 00 ||x|| 2 2 Iff |^x( 7 )||^x( 7 +( S -l)77)|d 7 dr/d S < 

JO JT 

13 11-114 



We recall that if 4 = ^1 + L 2 = L\ + Mi + M 2 < C||F(x)||2oo I^H^, and finally it follows 

J 6 <C||F(x)|| 4 Loo ||x||^. (44) 
Due to (15511. (HOI). (H_l) and (EH1). we obtain 



i_<C||_^(x)||ioo||x||^3. (45) 
We take I4 = Jj + Js + J9 + J10 , where 



/ A( 7 ) ^x( 7 ) • a 7 x( 7 )d 7 , J 8 = 3 / a 7 A( 7 ) |^x( T )| 2 d7, 

JT JT 



J 9 = 3 / 3 2 A( 7 ) a?_( 7 ) • <9 2 x( 7 )d 7 , J10 = / d 7 A( 7 ) ^x( 7 ) • «9 7 x( 7 )d 7 . 

JT JT 
We integrate by parts in the term Jj, and we get 
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J7 = ~ [ 9 7 A(7)|^x(7)| 2 d7<i||5 7 A|| L ^||^||2 2 . 



Using (f3T|) . we find that 



-J— [ d 7 x(ry,t).dJ [ M7,0-y 7 -^) 
1 a ^ a ( f 5 7 x(7,t) - 9 7 x(7 - r/,t) 



5 7 x( 7 ,t)-5 7 / " v ' ^d V 



A(t) 7 7 vy T \ x ( 7:t )-x( 7 - v ,t)\ 

Kg + K W . 



The term Kg is estimated as J\ and J2, obtaining 

#9< 11^)11^11x11^3. 

We have for K\n that 



# 10 < H^lic 2 /" / l^(7,t)-^x( 7 -r ? ,t)| + |a 7 x( 7 ,t)-a 7 x( 7 - ?? ,t)p 



A (t) Jt^ \x(l,t) -z(7 -77,i) I |x(7,t) - x(7 - ??,t)| 2 

4 ||_||3 



<2||F(x)|| 4 Loo ||x|!^, / 



<C||F(x)||toc||x||^3, 
and therefore 



J 7 <C||F(x)|||^||x|| 5 ff3 . 



Due to the identity Js = — 6J7, one finds that 

J 8 <(7||F(x)||!oo||x| 



Using that 



7 u ' ; 7 Vy T |x( 7 ,t)-x( 7 -r ? ,t)| 
1 -V(7,i)"^( / ^(7,t)-9 7 x(7-M) dT? 



one gets 

= L3 + L4. 
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Therefore 

S ~ A(t) AA 7 V \ x ( ljt )-x^- V ,t)\ \x( 1 ,t)-x( 1 -r ] ,t)\2 J 

<ll^)lli»lkllc?> / / / \%x(i)\(\tfxfr + (t-l) V )\ + \%xfr+(t-l) V )\)d7drfa 
Jo Jt Jt 

<C\\F(x)\\ A Lao \\x\\ 5 H3 . 



Moreover 



•— - / / d$x(<y) ■ 3 x 7 d 7 x 7 • ) — , 

A[t) JtJt 1 1 \x(n) -x(7-r?)| 



A{t)J T J T 1 1 \x{-i) - x{-i - T])\ A 



1 



<9^x(7) • d^x(j) 9 7 x(7) • (6> 7 x(7) - d 7 x(7 - r]))d^(\x(j) - x(j - rf)\ ^drjdj 

t Jt 



A(t) 

= M 3 + M 4 + M 5 . 
The terms M 4 and M5 are estimated as before, and we obtain 

|6 



M4 + M5 < C||F(x)|||oo||x| |6 



The most singular term is M3, but we find that 

Ms = / / ^) • fi?*(7) ^x( 7 - 1/) • ^|^^^7 

1 [ [ M , 2 n #^(7) • <9 7 x(7) - ^x(7 - 77) • <9 7 x(7 - 77) 



ffix( 7 ) • #s( 7 ) ' ' . 7 . v ' ^ '— -dr,dj 



■U/ )./•./ 7 v " 7 Wy |x( 7 )-x(7-7?)| 

= iV! + iV 2 . 

We obtain 

Nt < 11^)11^11x11^11^x111, < \\F(x)\\U\xf m , 

and using ([32]) 

-4(0 7t7t 7 7 k(7) -^(7-^)1 



Due to (j35J), we conclude that 

N 2 <2\\F(x)\\l^\\x\\l 2 \\d 3 1 x\\l 2 <2||F(x)||| 00 11x111,3. 
We have J 9 = L 3 + L 4 = L 3 + M 3 + M 4 + M 5 = L 3 + N ± + N 2 + M 4 + M 5 , and therefore 

J9<||i^)|lioo||x||f, 3 . (49) 
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The identity ([32]) yields 

Jio = - f ^a( 7 ) |^x( 7 )! 2 d 7 = 2 / a?A( 7 ) a?a(7) • fyWi = |j 9 , 

JT JT 

and therefore 

Jio < ll^)lli-ikii^3. (50) 

Due to the inequalities ([HD, (05}, dM}, and O, we get 

I 4 <C7||F(x)||loo ||x|| 6 H3 . 
Using (|45p and the last estimate, we have 



|||^||i 2 ( i )<C||F(x)||l o(t)||x||f,3(t). 

This inequality and (|38|) bound the evolution of the Sobolev norms of the curve as follows 

d 

di 1 

We continue the argument considering the evolution of the quantity |ji ? (x)||i / oo(t). Taking 
p > 2, it yields 



\x\\ HS (t) <C\\F(x)\\ 5 LOO (t)M 5 H s(t). (51) 



^nwii^(t)<p/ / , , ^ " — — t 



We have 



■5 7 x( 7 ) - a 7 x( 7 - o a 7 x( 7 ) - a 7 x( 7 - ^) 



Xt ( 7 ) _ xth-rf) = / ( — 7 — 7 7 — )d£ 

Jt -x( 7 - £)| 1^(7-^-^(7-^-01 

+ /" d 7 x( 7 ) - 5 7 a;( 7 - 77) + d 7 x( 7 - r? - g) - d 7 x( 7 - 

A k(7-^) -x(rf-v-0\ 

+ (Hi) ~ A (7 - t?))<V( 7 ) + A(7 - r))(d 7 x(-y) - <9 7 x( 7 - tj)) 
= / 5 + / 6 + / 7 + 7 8 . 

The term 1$ yields 

j 5< f \ d i x (i)- d ~/ x (i-Q\ \ \ x (i)- x (i-Q\ - ^ii-^-xji-ri-Ol | ~ 

5 ~ Jt \x(l)-x('j-^)\\x('y-ri)-x('y-ri-^)\ 



<ll^)lli«||x|| c2 / l^lx^-x^-^-ix^-O-x^-v-OM 

T 



. v„2 I, I, 1 f 1 f |d 7 x( 7 + (s - 1)77) - d 7 x( 7 + (s - 1)77 - Q| 

< \\ F { x )\\L^\\ x \\c 2 \m / / J TTi L ^ ds 



JT 



<27r||F(x)||| 0O llxll^ H. 



23 



For Iq we take 



yl /• gx(7 + (a - l)r?) - afe( 7 + (g ~ l)ri - g | 
iis < ll^wlk-M / / — ^ d£ds 




o Jj 



< \\F(x)\\ L °o\\x\\ c2t i\ v 
<C||F(x)||^||x|| c2j i 
We have for Iy 



I C f \t\- 1/2 dZds 

JO JT 



A(t) 7 17 7 Vy T |x( 7 ) -x(7-r?)| 

<-9llpr M|3 II || 2 I I f /• l^(7)-^( 7 -r?)| ^ /■ |a 7 x( 7 )-0 7 x(7-^)| 2 , 
< 2 \\F(x) \\ L oo \\x 77 max / — — - — drj+ / — -— 7 r-^ — or; 

<M\F( X )\\U\x\\% 3 \r,\. 

Estimating II A II Too SjS before, easily we get 



/8<||A||L-|kll^l^l<4||F(x)||l 0O ||x||^ 3 | 
The last four estimates show that 



j t \\F(x)\\ LP (t) < C\\x\\Ut)\\F(x)\\U(t)\\F(x)\\ LP (t), 
by integrating in time and taking p — > 00, we obtain 



rt+h 

\\F(x) || £ « (t + /i) < ||F(x) Hi™, (t)exp (C y ||x||^3 (s) ||£„ (a)ds) . 
As in the previous section, it follows 

^||^)lli-(*)<C'lkllfl.(*)ll^)lli-(<)- 
Then, due to ([ST]) and the above estimate, we find finally that 

j t (\\x\\ H3 (t) + \\F(x)\\ L ~(t)) < C(\\x\\ H3 (t) + \\F(x)\\ L ~(t)) w . 
Integrating, we have 

\\ X \\ H s(t) + \\F(x) h At) < " X0llg3 + l|i?(X0)l|L °° 

{l-tC{\\x \\ H3 + \\F(x )\\L~) 9 y 9 
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where C is a constant. 

We have used the equality (|32p to obtain the a priori estimates. In order to get the 
solution of (f3Tj) . we have to choose an appropriate regularized problem preserving ([32]) . We 
propose the system 



J T \x £ > d (-~f, t) — x £ ' (7 — rj,t)\ + (52) 
x £ ' 5 ( 7 ,0) =2:0(7), 

with 

a^(t, t) = T^[ ^y-'!, ■ a 7 U e * / ^(^^(7^)-^*^(7-^))^ ^ 



2vr 7 T |9 7 x^( 7 ,t)| 2 V' ./ • |x E .< 5 (7,t)-^( 7 -r ? ,t)| + 5 

T d 7 X E ' 5 ( V ,t) f f d^ £ * X £ > 5 ( V , t)-fe* ^(?7 ~ 6 *)) ,, , 



We can obtain energy estimates of the system (J52j) depending on e and (5, but without using 
(|32p . and therefore we obtain existence of (|52p . As long as the solution exists, we have that 



d yX E ' 5 (~f,t) ■d 2 1 x e < s { 1 ,t) = 0. 

Using this property of the solution, we obtain energy estimates that depend only on 5, and 
taking e — > we get a solution of the following equation 

•> ^ / T - ^ «)^. (M) 



s*( 7 ,0) =x ( 7 ), 



with 



7+7r /" d-yX 5 (^,t) f f d^x 5 (^,t)-d^x 5 (-f-r],t) 



A(7)t) - 2vr y T |^(7,t)i 2 ' a ny T |^( 7 ,t)-^(7-r ? ,t)i + /^r 7 

T Oyx^t) / /• d^x 5 (r,,t)-d^x s (ri-C,t)) \ 

. 7r i^(7 ? ,t)i 2 ' a ny T | a; %t)-^(r ? -e,t)i+<5 v ^ 

Again we have that the solutions of this system satisfy 

d 7 s 6 (7,t) -^x*( 7 ,t) =0, 

and taking advantage of this, we find energy estimates independent of 5. If we tend S to 0, 
we conclude the existence result. 
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